We present results from particle-in-cell simulations of driven turbulence in collisionless, relativistic electron-ion plasma. We focus on temperatures such that ions (protons) are sub-relativistic and electrons are ultra-relativistic, a regime relevant for high-energy astrophysical systems such as hot accretion flows onto black holes. We find that ions tend to be preferentially heated, gaining up to an order of magnitude more energy than electrons, and propose a simple empirical formula to describe the electron-ion energy partition as a function of the ratio of electron-to-ion gyroradii (which in turn is a function of initial temperatures and plasma beta). We also find that while efficient nonthermal particle acceleration occurs for both species in the ultra-relativistic regime, nonthermal electron populations are diminished with decreasing temperature whereas nonthermal ion populations are essentially unchanged. These results have implications for modeling and interpreting observations of hot accretion flows.
Introduction.-Plasma energization via turbulent dissipation is a fundamental topic in plasma physics. It involves a number of important questions that are difficult to address with analytic theory, including: What fraction of energy is dissipated into each of the constituent particle species (electrons, ions, etc.)? Are there collisionless mechanisms of thermal coupling between electrons and ions, sufficient to keep their corresponding temperatures comparable? Is there nonthermal particle acceleration (NTPA), and if so, what are the characteristics of the resulting energetic electron and ion populations?
The answers to these questions have important implications for myriad space and astrophysical systems. For motivation in this paper, we consider the example of radiatively inefficient accretion flows (RIAFs) around black holes. RIAFs comprise tenuous, collisionless plasma with relativistic electrons subject to radiative cooling. Such an accretion flow is at risk of collapsing into a collisional thin disk. To explain the survival of RIAFs, models require the ambient turbulence to heat ions preferentially, which establishes a "two-temperature" plasma with sufficient ion pressure to avoid collapse [1] [2] [3] [4] [5] . An accurate, comprehensive theoretical prescription for the electron and ion heating rates would be extremely valuable for phenomenological models or global magnetohydrodynamic simulations of RIAFs [6] [7] [8] [9] . However, so far, only simplified (linearized, non-radiative, non-relativistic) analytic models [5, 10] and empirical fitting formulae from idealized kinetic simulations [e.g., [11] [12] [13] exist. Furthermore, the conceivable existence of collective plasma phenomena that thermally couple electrons and ions could complicate the establishment of high ion temperatures [14, 15] .
RIAFs are also notable for their highly nonthermal radiative signatures [e.g., [16] [17] [18] . Understanding the physical processes responsible for the underlying NTPA is essential for interpreting observations. Collisionless plasma turbulence driven by the magnetorotational instability [19] is a primary candidate source of NTPA, with supporting evidence from local (shearing-box) kinetic simulations [e.g., [20] [21] [22] [23] [24] . An essential next step is to systematically determine the properties of NTPA in realistic parameter regimes at large system size.
First-principles kinetic simulations offer empirical insights necessary to build a rigorous understanding of electron and ion heating, thermal coupling, and NTPA in parameter regimes relevant for RIAFs. In this work, we use particle-in-cell (PIC) simulations of driven turbulence to study electron and ion energization (i.e., heating and NTPA) in relativistic plasmas. We focus on the regime where ions (protons) are sub-relativistic and electrons are ultra-relativistic, taking temperatures in the range m e c 2 T m i c 2 , which we refer to as the semirelativistic regime [12] . This regime is amenable to fully kinetic simulations using the real electron-proton mass ratio, as demonstrated by recent PIC studies of magnetic reconnection [11, 12, 25, 26] . Our results indicate that turbulence in this physical regime can efficiently energize ions, while electron energization becomes less efficient with decreasing temperature.
Method.-The simulation set-up is similar to our previous work on pair (electron-positron) plasma turbulence [e.g., 27]. We perform the simulations with the explicit electromagnetic PIC code Zeltron [28] using chargeconserving current deposition [29] . The domain is a periodic cubic box of size L 3 with uniform mean magnetic field B 0 = B 0ẑ . We initialize particles from a uniform Maxwell-Jüttner distribution with particle density arXiv:1809.01966v1 [astro-ph.HE] 6 Sep 2018 per species n 0 and equal electron and ion temperatures, T e = T i = T 0 . We then drive strong turbulence (with rms fluctuating magnetic field δB rms ∼ B 0 ) at low wavenumber modes (k = 2π/L) by applying a randomly fluctuating external current density [30] . We set 32 particles per cell per species in all production runs.
There are then three free dimensionless parameters: the initial temperature relative to ion rest mass energy, θ i0 = T 0 /m i c 2 , the initial plasma beta, β 0 = 16πn 0 T 0 /B 2 0 , and the ratio of the driving scale to the ion Larmor radius, L/2πρ i0 (subscript zero refers to initial values of parameters). The characteristic Larmor radii are given by ρ s = (γ
2 (for species s ∈ {e, i}) are the mean particle Lorentz factors, E s are the mean particle kinetic energies (for species s), and B rms is the rms total magnetic field. In the semirelativistic regime (m e /m i θ i0 1), the separation between the electron and ion Larmor radii is given by ρ e0 /ρ i0 ∼ θ 1/2 i0 , and the separation between the Larmor radius and skin depth scales as
0 . In the fully relativistic limit (θ i0 1), the particle inertia is set by the relativistic mass, making the system similar to a pair plasma (ρ e0 = ρ i0 and d e0 = d i0 ). Thus, θ i0 controls the electron-ion scale separation. In our simulations, we fix the cell size to δx = min (ρ e /2, d e /2), i.e., relative to electron scales. For given plasma parameters, L is thus proportional to the number of cells in each direction. For a fixed number of cells, obtaining a large ion kinetic range (ρ i /ρ e ) comes at the expense of the inertial range (L/2πρ i ), and vice versa. Finally, we note that in the semirelativistic regime, the initial Alfvén velocity scales as v A0 /c ∼ (θ i0 /β 0 ) 1/2 ; thus, the turbulent motions become increasingly sub-relativistic with decreasing θ i0 .
Our primary scan is performed with 256
3 -cell and 512 3 -cell simulations with θ i0 varying in the range [1/2048, 10] at fixed β 0 = 4/3; we do a secondary scan with β 0 varying in the range [1/12, 64/3] at fixed θ i0 = 1/16. In addition, we performed three 768 3 simulations with θ i0 ∈ {1/1024, 1/256, 1/64} (at β 0 = 4/3) and one 1024 3 simulation with θ i0 = 1/256 and β 0 = 4/3 (and L/2πρ i0 = 8.8 and ρ i0 /ρ e0 = 9.3).
Results.-We first show the magnetic energy spectrum, compensated by k
5/3
⊥ (where k ⊥ is the wavenumber perpendicular to B 0 ) and time-averaged from 4.3L/v A0 to 5.7L/v A0 , for the 1024 3 case (θ i0 = 1/256, β 0 = 4/3) in the top panel of Fig. 1 . To illustrate the effects of ions, we compare this to the spectrum from a similar 1024 3 relativistic pair-plasma simulation (taken from our previous work [31] ). Both simulations are consistent with a power-law spectrum with index near −5/3 at large scales (k ⊥ ρ i 1 for electron-ion and k ⊥ ρ e 1 for pair), indicative of inertial-range magnetohydrodynamic turbulence [32] . The spectrum for the electron-ion case is signifi-
Top: Magnetic energy spectrum, compensated by k
⊥ , for 1024 3 electron-ion simulation (red) compared to a similar 1024 3 pair-plasma simulation (blue). Power-law scalings are shown for reference (green). Bottom: Evolution of plasma parameters in the 1024 3 simulation, including δBrms/B0 (magenta), β (red), and θi (blue; computed from particle energy assuming a thermal distribution). Also shown is the evolution of the electron-ion energy ratio Ee/Ei (yellow), the electron-ion energy gain ratio ∆Ee/∆Ei (black), and ratio of electron-to-ion Larmor radii ρe/ρi (green).
cantly steeper in the ion kinetic range (between k ⊥ ρ i = 1 and k ⊥ ρ e = 1), although not a clear power law; for reference, we show a comparison to a power law with index −2.8, often measured in the ion kinetic range for nonrelativistic plasmas (including the solar wind [e.g., [33] [34] [35] [36] [37] and simulations [e.g. [38] [39] [40] [41] ). A definitive measurement of the spectrum in the ion kinetic range requires larger simulations with lower θ i0 (larger ρ i /ρ e ), in order to simultaneously resolve a long inertial range and ion kinetic range. In the electron kinetic range (k ⊥ ρ e 1), there appears to be a power law with index near −4, similar to the sub-Larmor spectrum in the pair-plasma case [27] .
In the bottom panel of Fig. 1 , we show the evolution of the physical parameters β, δB rms /B 0 , and θ i (defined as 2E i /3m i c 2 ) for the 1024 3 simulation. Due to continuous energy injection, θ i and β both steadily increase
Top: Ratio of electron-to-ion energy gain, ∆Ee/∆Ei, for varying θi0 at tvA0/L = 6 and β0 = 4/3; two sizes are compared, 256 3 (blue) and 512 3 (red). Inset: similar for varying β0 (at fixed θi0 = 1/16). The fit by (ρe/ρi) 2/3 (measured at tvA0/L = 6) is also shown (dashed). Bottom: ∆Ee/∆Ei versus mean ρe/ρi for all simulations (ignoring 256 3 cases that have not converged with system size), measured over intervals of duration L/vA0 starting at tvA0/L ∈ {3, 4, 5}.
over the simulation. We also show the electron-to-ion ratios of kinetic energy gains ∆E e /∆E i , total kinetic energies E e /E i , and Larmor radii ρ e /ρ i . We find that these measured quantities vary only weakly with time after ∼ 3L/v A0 ; this is also true in most of our other simulations (not shown). The approximate constancy of these quantities with time allows us to perform robust measurements of energy partition, as we discuss next.
In Fig. 2 , we show the ratio of electron-to-ion energy gain, ∆E e /∆E i , as a function of various parameters. In the top panel and inset, we show ∆E e /∆E i as a function of θ i0 (at fixed β 0 = 4/3) and as a function of β 0 (at fixed θ i0 = 1/16), measured from the initial time to tv A0 /L = 6 (arbitrarily chosen; other times give similar results). We find that ∆E e /∆E i ≈ 1 at θ i0 1 (i.e., in the relativistic regime, as expected theoretically) and decreases with lower θ i0 , reaching ∆E e /∆E i ∼ 0.1 at θ i0 = 1/2048 (near the transition between the semirelativistic regime and the fully sub-relativistic regime, where T 0 /m e c 2 = θ i0 m i /m e ∼ 1). Comparison of the 256 3 and 512 3 simulations indicates that results are converged with respect to system size except at sufficiently low θ i0 , low β 0 , or high β 0 (in these exceptions, L/2πρ i ∼ 1 at late times so the driving interferes with kinetic processes).
Intriguingly, we find that the results can be well fit by the time-dependent empirical formula ∆E e /∆E i ∼ (ρ e /ρ i ) 2/3 ; note that ρ e /ρ i is a nontrivial function of θ i0 , β 0 , and, to a lesser extent, time. The bottom panel of Fig. 2 explicitly shows this scaling for all simulations in our scan, where ∆E e /∆E i is now measured over intervals of duration L/v A0 starting at tv A0 /L ∈ {3, 4, 5}, to represent the short-term heating during fully developed turbulence.
We next describe results on NTPA. In Fig. 3 , we show the time evolution of the distributions f s (u) of four-velocities u, for ions and electrons (s ∈ {e, i}) in a representative semirelativistic case (768 3 , θ i0 = 1/64, β 0 = 4/3). We find that power-law tails gradually form over a number of dynamical times (∼ 15L/v A0 , in this case), and become fully developed when the most energetic particles begin to accumulate at the system-size limited velocity, u max,s = LeB 0 /2m s c. To characterize the distributions, we measure the power-law indices −α s = d log f s /d log u at the geometric mean of the peak of the distribution and u max,s . The ion distribution attains a fitted power-law index α i ≈ 2.9, while the electrons attain α e ≈ 3.8, indicating that ion acceleration is more efficient in this regime. Intriguingly, the latetime power-law index for ions is similar to that for the relativistic pair-plasma case at the same plasma beta [31] . Note that nonthermal ions are essentially relativistic in this example, despite being initialized well within the sub-relativistic regime; studying the transition of the power law through u/c ∼ 1 will require even larger simulations with lower θ i0 .
To illustrate the parameter dependence of the nonthermal distributions, we show the time evolution of α s for simulations with varying θ i0 (fixed β 0 = 4/3) in the bottom panel of Fig. 3 . Note that α s decreases in time and does not saturate at a well-defined value, due to the pileup of particles near u max,s influencing the measurement of α s at late times [c.f., 31]. We find that ions always reach α i ∼ 3 before the pile-up becomes significant; this is a similar value to that in the fully relativistic case (θ i0 = 10), although it takes a longer time to reach this value at low θ i0 (consistent with the diffusive particle acceleration timescale increasing with decreasing v A0 /c [31] ). The electron distributions, however, become softer (i.e., larger α e ) when θ i0 is decreased. Hence, our results indicate that NTPA for ions remains as efficient in the semirelativistic regime as in the ultrarelativistic regime, while it becomes inefficient for electrons in the limit of low θ i0 .
FIG. 3.
Top: evolution of ion four-velocity distribution fi(u/c) to a power law with fitted index αi ≈ 2.9 (black dashed), spanning up to umax,i (green dashed). Middle: similar for electron four-velocity distribution fe(u/c), which evolves to a power law with fitted index αe ≈ 3.8. Bottom: evolution of the fitted power-law indices αs for ions (solid) and electrons (dashed) for 512 3 simulations with varying θi0.
FIG. 4.
Nonthermal energy (solid) and number (dashed) fractions for ions (red) and electrons (blue). The scaling 0.7(ρe/ρi) 2/3 , tracing energy partition, is also shown (black).
To further characterize the NTPA, we decompose the particle distributions into thermal and nonthermal components. To do this, we define the thermal part to be a Maxwell-Jüttner distribution with temperature and normalization such that the corresponding peak coincides with the peak of the measured distribution; we also consider any excess of the measured distribution at energies below the peak value to be part of the thermal component. The nonthermal population is then defined to be the difference between the measured distribution and the thermal fit.
We show the fraction of the kinetic energy in the nonthermal population, E nth,s , and the fraction of particles in the nonthermal population, N nth,s , for electrons and ions (s ∈ {e, i}) as functions of θ i0 (fixed β 0 = 4/3 and tv A0 /L = 6) in Fig. 4 . We find that the nonthermal energy fraction is roughly constant for ions (between 60 − 70%), but declines with decreasing θ i0 for electrons (from ∼ 70% to ∼ 6%). The nonthermal number fraction is qualitatively similar to this, with ∼ 30% of both particle species being nonthermal for θ i0 1 and the fraction of nonthermal electrons declining to ∼ 2% at low θ i0 . This confirms that nonthermal ion energization is significant in the semirelativistic regime, while electron energization is diminished. Interestingly, we find that the dependence of E nth,e on θ i0 mirrors the overall energy partition, being well fit by 0.7(ρ e /ρ i ) 2/3 , suggesting that NTPA is linked to the available energy budget. The nonthermal fractions also have a β 0 dependence (not shown), such that the fractions increase (decrease) with decreasing (increasing) β 0 . where electrons are ultra-relativistic and ions are subrelativistic. We used PIC simulations to perform a parameter scan in initial temperature T 0 = θ i0 m i c 2 that covered nearly the entire semirelativistic regime. This work thus fills a void between previous studies of turbulence in the non-relativistic regime (typically studied with reduced plasma models) and in the fully relativistic (i.e., pair plasma) regime. This study is primarily relevant for high-energy astrophysical systems with relativistic and nonthermal components, such as RIAFs.
Our results support the prevailing view that turbulent electron-ion plasmas evolve toward a non-equilibrium, "two-temperature" state; in particular, we find that ions reach a higher temperature than electrons in most of the explored parameter space. This result differs from non-relativistic analytical and numerical studies that find preferential electron heating at low β [e.g., 10, 13]; one possible reason for this difference is the fact that our numerical set-up does not have an energy sink, and therefore low β cannot be sustained on dynamical timescales (and also, ions can quickly attain relativistic energies). We proposed a new empirical formula connecting the electron-ion energy partition to the electron-ion Larmor scale separation; a physical basis for this formula is left to future work.
Our results indicate that NTPA is efficient for both species in the fully relativistic regime, but becomes inefficient for electrons when temperature is decreased through the semirelativistic regime (in contrast to ions, which continue to be efficiently accelerated). To produce hard nonthermal electron radiative signatures, astrophysical systems then require either low β or ions with near-relativistic temperature. Cosmic ray acceleration, on the other hand, can occur even if ions are initially sub-relativistic. We caution, however, that extrapolating these conclusions regarding NTPA (and, to some extent, energy partition) to large system size is nontrivial and requires a separate scaling study [31, 42] . This paper constitutes the first numerical investigation of plasma turbulence in the semirelativistic regime using first-principles PIC simulations. Our results, including the empirical formula for the energy partition, will be useful for modeling RIAFs and for guiding future theoretical efforts toward understanding turbulent particle energization.
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